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Abstract
Above the upper critical dimension, the breakdown of hyperscaling is associ-
ated with dangerous irrelevant variables in the renormalization group formalism at
least for systems with periodic boundary conditions. While these have been exten-
sively studied, there have been only a few analyses of finite-size scaling with free
boundary conditions. The conventional expectation there is that, in contrast to
periodic geometries, finite-size scaling is Gaussian, governed by a correlation length
commensurate with the lattice extent. Here, detailed numerical studies of the five-
dimensional Ising model indicate that this expectation is unsupported, both at the
infinite-volume critical point and at the pseudocritical point where the finite-size
susceptibility peaks. Instead the evidence indicates that finite-size scaling at the
pseudocritical point is similar to that in the periodic case. An analytic explana-
tion is offered which allows hyperscaling to be extended beyond the upper critical
dimension.
1 Introduction
It is well known that standard finite-size scaling (FSS) is valid below the upper critical di-
mension d = dc when hyperscaling holds and where the correlation length is comparable to
the extent L of a system exhibiting a continuous phase transition [1]. Above dc, standard
hyperscaling breaks down and critical behaviour is described by mean-field exponents [2].
FSS was analyzed for the (d ≥ dc = 4)-dimensional φ
4 theory and Ising model with peri-
odic boundary conditions (PBC) [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]
following analytical studies by Bre´zin [2]. The breakdown of FSS and hyperscaling is at-
tributed to dangerous irrelevant variables in the renormalization-group (RG) approach
[21]. To repair FSS, Binder introduced the thermodynamic length which scales as a power
of L above dc and as the correlation length below dc [3, 8, 16]. It is perhaps surprising
that, although the theoretical framework is well developed, especially with PBC’s [22, 23],
FSS above the upper critical dimension was summarized by Binder et al as “a rather dis-
appointing state of affairs - although for the φ4 theory in d = 5 dimensions all exponents
are known, including those of the corrections to scaling, and in principle very complete
analytical calculations are possible, the existing theories clearly are not so good” [17, 23].
In contrast to the PBC case, there have been few studies of d > dc systems with free
boundary conditions (FBC) [7, 20], which are complicated by additional scaling fields
associated with boundaries in the RG picture [22, 24]. This situation was described in
Ref.[19] as “poorly understood”. In a recent numerical study of the d = 5 Ising model
with FBC’s at the infinite-volume transition point, the question of the FSS behaviour of
the magnetic susceptibility χL was addressed [20]. (The specific heat is less interesting
because the associated critical exponent vanishes and the function does not diverge.)
A naive extension of ordinary FSS to beyond the upper critical dimension would deliver
leading Gaussian behaviour χL ∼ L
2. However, it is well established (and well understood)
that χL ∼ L
5/2 for 5D Ising systems with PBC’s, the adjusted behaviour being traced
back to an effect of dangerous irrelevant variables in the renormalization-group approach.
The question of whether χL ∼ L
2 or χL ∼ L
5/2 in 5D was examined numerically in Ref.[20]
with the conclusion that the former prevails at the infinite-volume critical point in the
FBC case.
Here we point out that, for the FBC lattice sizes used in Ref.[20], the bulk of sites
are on the surface, so that the system is not genuinely five-dimensional. Therefore, the
resulting conclusion that χL ∼ L
2 is not a 5D one. For this reason, we re-examine FSS
for the 5D Ising model. Besides looking at the critical temperature (which was the focus
in Ref.[20]), we also examine the pseudocritical temperature, given by the location of
the susceptibility maximum. In order to probe the five-dimensionality of the structure,
we remove contributions close to the lattice boundary. A similar tactic of removing the
contributions of boundary spins has been used to examine the Ising model on a negative-
curvature substrate [25]. Moreover, besides the susceptibility, we investigate the magne-
tization and the Lee-Yang zeros. Our numerical results indicate that, in contradistinction
to the results of Ref.[20] at criticality, the FBC lattice exhibits the same FSS as the PBC
one at pseudocriticality, namely χL ∼ L
5/2. The FSS for the magnetization and Lee-Yang
zeros similarly match. These numerical observations indicate that the conventional FSS
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paradigm for the susceptibility of FBC lattices above dc is unsupported [7, 20, 26, 27].
We offer an analytical explanation for this phenomenon through a Lee-Yang analysis and
suggest that hyperscaling can, in fact, be extended to beyond the upper critical dimension
in a universal manner.
2 Hyperscaling and finite-size scaling
With the reduced temperature t denoting distance from the critical point, the leading
scaling for the specific heat, spontaneous magnetization, susceptibility and correlation
length are c∞(t) ∼ |t|
−α, m∞(t) ∼ |t|
β, χ∞(t) ∼ |t|
−γ and ξ∞(t) ∼ |t|
−ν, respectively.
Here the subscript indicates the system size. At t = 0, magnetization in field scales as
m∞(h) ∼ h
1/δ. The critical exponents are related through scaling relations, of which
hyperscaling
νd = 2− α for d ≤ dc (2.1)
is conspicuous in that it involves the dimensionality d and fails above the critical dimen-
sion, which is dc = 4 for the Ising model. There, Landau’s mean field exponents are α = 0,
β = 1/2, γ = 1, δ = 3, ν = 1/2, η = 0 (the last of these is the anomalous dimension).
FSS was formulated by Fisher [1] and derived by Bre´zin in the absence of a singu-
larity at the RG fixed point [2] (see Refs. [22, 28, 29] for reviews). Privman and Fisher
[30] showed that the singular part of the finite-size free energy below the upper critical
dimension is
fL(t, h) = b
−dfL/b (tb
yt , hbyh) , (2.2)
a result confirmed for the spherical model in Ref. [31]. Field-theoretic, ǫ-expansion cal-
culations of finite-size scaling functions followed in Refs.[5, 6]. At h = 0, Eq.(2.2) can
be written fL(t, 0) = L
−df1 (tL
yt , 0) = L−df1
(
(L/ξ∞)
1/ν , 0
)
. Thus standard FSS is con-
trolled by the first argument on the right-hand side, namely the ratio x = L/ξ∞(t). When
x≪ 1 the system is in the scaling regime and the function f1(x
1/ν) is universal, behaving
to leading order with a power law f1(x
1/ν) ∼ xd in such a way that fL(t) ∼ t
dν , while
outside this regime the physical quantities depend on both t and L in a non-universal and
non-trivial manner. The correlation length is
ξL(t, h) = bΞL/b (tb
yt , hbyh) . (2.3)
Setting b = L and h = 0, the last equation gives ξ∞(t, 0) ∼ t
−1/yt when L → ∞ and
identifies ν = 1/yt. At t = 0, it gives ξL ∼ L.
Above the upper critical dimension, the critical behaviour is controlled by the Gaussian
fixed point where [32]
yt = 2, yh = 1 +
d
2
. (2.4)
Naively differentiating Eq.(2.2) delivers thermodynamic-scaling functions different to those
from Landau mean field theory [33]. Taking irrelevant scaling fields into account, however,
gives a more complete version of Eq.(2.2) [21],
fL(t, h, u) = b
−dfL/b (tb
yt , hLyh, uLyu) , (2.5)
2
with
yu = 4− d. (2.6)
Here u is the field associated with the coefficient of the φ4 term in the Ginzburg-Landau-
Wilson expansion. Below dc, irrelevant fields contribute to Wegner corrections [34], while
at and above dc, u becomes marginal and then dangerously irrelevant and leads to the
breakdown in FSS [2].
Motivated by Fisher’s considerations in the thermodynamic limit [21], the behaviour
of Eq.(2.5) in the u→ 0 limit above dc was addressed in Ref. [4]. The approach of Fisher
with dangerous irrelevant variables finds its origin in the mean-field (MF) solutions of
Landau theory governed by the free energy
F [m(x)] =
∫
ddx
(
1
2
r0m
2 +
1
4
um4 − hm+
1
2
|~∇m|2
)
. (2.7)
(We choose to use m(x) instead of the more conventional φ(x) for the order parameter to
be consistent with later notation.) Minimizing the free energy leads to the thermodynamic
quantities. For example the order parameter at low temperature in zero external field is
m0(t
−) = (−r0/u)
1/2. It is clear that the limit u → 0 is singular, and this is taken into
account with the scaling assumption
mL(t, 0, u) = b
−d(ubyu)κmL/b (tb
yt) , (2.8)
with κ = −1/2 from the MF solution. The exponent β of the magnetization in zero field
then follows
β =
d− yh − κyu
yt
(2.9)
instead of the usual expression (d− yh)/yt. In a similar manner, the other standard
exponents are given in terms of the dimension yu of the dangerous irrelevant variable,
γ =
2yh − d
yt
, δ =
yh
d− yh − λyu
, α =
2yt − d+ µyu
yt
(2.10)
with λ = −1/3 and µ = −1 (following fromMF expressionsm0(h) = (h/u)
1/3 and C(t−) =
(r0/t)
2/u). The role of the dangerous variable can be incorporated in the definition of
new scaling dimensions for the relevant fields, t and h, as [4, 5]
y∗t = yt + p2yu =
d
2
(2.11)
and
y∗h = yh + p3yu =
3d
4
(2.12)
with p2 = µyt/(d − µyu) = −
1
2
and p3 = κ(2yh − d)/(d − 2κyu) = −
1
4
in such a way
that the usual definitions of exponents become valid and Landau exponents are recovered
[4, 5], β = (d− y∗h)/y
∗
t = 1/2, γ = (2y
∗
h − d)/y
∗
t = 1, δ = y
∗
h/(d− y
∗
h) = 3 and α =
(2y∗t − d)/y
∗
t = 0.
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Taking these elements into account, the behaviour of Eq.(2.5) in the u → 0 was
addressed in Ref. [4] and
fL(t, h, u) = b
−dfL/b
(
tby
∗
t , hby
∗
h
)
= L−df1
(
tLy
∗
t , hLy
∗
h
)
. (2.13)
Similar considerations for the correlation length deliver
ξL(t, h, u) = L
qΞ
(
tLy
∗
t , hLy
∗
h
)
. (2.14)
The assumption q = 1 was driven by the belief at the time that “the correlation length ξL
is bounded by L” even for PBC’s [4]. In this case a second length scale would be needed
to modify FSS [3, 8].
The first argument on the right-hand side of Eq.(2.13) or Eq.(2.14) may be written
(ℓ∞(t)/L)
y∗t where ℓ∞(t) ∼ t
−1/y∗t and was dubbed the thermodynamic length by Binder
[3]. The finite-size coherence length ℓL of Brankov, Danchev and Tonchev is the FSS
counterpart of the thermodynamic length and therefore scales as the system extent L
[22]. They also introduced a characteristic length λL(t), which is the FSS counterpart of
the infinite-volume correlation length.
For the 5D PBC model, a direct, explicit, numerical calculation of the FSS of the
correlation length showed ξL ∼ L
5/4 rather than L as in standard FSS theory [19]. It is
by now well established that the replacement of the scaling variable L/ξ∞(t) of standard
FSS by Ld/dc/ξ∞(t) of modified FSS is correct for the susceptibility, magnetization and
pseudocritical point in periodic Ising models in four [15, 19, 35], five [9, 11, 15, 19, 36], six
[37, 38, 39], seven [40] and eight [41] dimensions, giving strong support to the assertion
that q = d/dc.
To summarize, in all dimensions (including at the critical one), FSS is obtained by
fixing ξL/ξ∞(t), or, equivalently by making the replacement [1, 35]
ξ∞(t)→ ξL or t→ ξ
−1/ν
L (2.15)
in the scaling formulae for the various thermodynamic functions. Below d = dc, one
has that the finite-size correlation length scales as ξL ∼ L and the replacement (2.15)
generates the correct FSS at both the pseudocritical and critical points. Above d = dc,
one has instead that
ξL ∼ L
q, where q =
d
dc
, (2.16)
which arises through dangerous irrelevant variables, at least for PBC’s [2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. We shall see that for d > dc the prescription (2.15)
is also valid at pseudocriticality and at criticality in the PBC case and that it holds
at pseudocriticality, but not at criticality, in the case of FBC’s. Let us emphasize the
fact that Eq. (2.14), although written explicitly in Ref. [4], was immediately discarded
in favour of q = 1, leaving room for inconsistencies in the standard dangerous irrelevant
variable scenario.
Eq.(2.16) may be understood heuristically by demanding that the volume associated
with ξL (in dc dimensions) correspond to the actual volume of the system,
ξdcL ∼ L
d. (2.17)
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The replacement ξ∞(t) ∼ ξL yields |t| ∼ L
−q/ν , so that the susceptibility scales as
χL ∼ L
γq
ν = L2q. (2.18)
Similarly, the FSS for the magnetization is
mL ∼ L
−
βq
ν = L−q. (2.19)
Evidence from a variety of studies supports Eqs.(2.18) and (2.19) with q = d/dc for PBC’s
[2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20], but the prevailing picture
is that q = 1 for FBC’s [7, 20, 26, 27]. To distinguish between the two scenarios above
the upper critical dimension, we refer here to the q = 1 set-up as “Gaussian” and the
q = d/dc variant as “Q” scaling or Q-FSS.
We are interested in studying various functions at the infinite-volume critical point
(t, h) = (0, 0). In the absence of field, we are also interested in the pseudocritical point
defined, for example, by the location of the susceptibility peak t = tL. The shift exponent
λ is associated with scaling of the pseudocritical point tL and usually (but not always)
coincides with the inverse of the correlation length critical exponent 1/ν [42]. It charac-
terises how the peak in the susceptibility moves in response to changing lattice size. This
peak is a smoothening out of the divergence present in the thermodynamic limit and is
also associated with the rounding exponent θ. The rounding may be defined as the width
at half-height of the susceptibility, so that [43]
tL ≡
|TL − Tc|
Tc
∼ L−λ, ∆Trounding ∼ L
−θ, (2.20)
where Tc is the critical value of the temperature T . The naive predictions for the rounding
and shifting exponents coming from Gaussian FSS are
λ = θ =
1
ν
, (2.21)
while the corresponding Q-FSS behaviour may be expected to be
λ = θ =
q
ν
. (2.22)
It is also possible to study the shifting in terms of field from H = 0 to H = HL (and
associated rounding if desired). We can define a shift exponent associated with the effec-
tive critical field, HL ∼ L
−λH . One expects the usual relation λH = βδ/ν to be modified
to λH = qβδ/ν with q = d/4 above dc = 4 dimensions and with PBC’s. Again, the usual
expectation is that q = 1 for FBC’s, similar to below the upper critical dimension.
3 Numerics
To investigate the nature of the exponent q, we performed Monte Carlo simulations of the
Ising model using the single-cluster Wolff algorithm [44] in combination with histogram
5
reweighting [45, 46]. This approach is suitable to obtain reasonable correlation times for
the lattice sizes considered, working close to the critical temperature. We simulated the
d = 5 Ising model on simple hypercubic lattices with sizes from L = 11 to L = 51. The
value of the critical temperature is known from Ref. [23] to be βc = 1/Tc = 0.113 915 5(5)
and our own simulations are in excellent agreement with this. To obtain an estimate of
a quantity at the pseudo-critical temperature, we first made a rough estimation of this
point. Then, the estimate is obtained by a longer simulation in close vicinity to the
first one. Thus every simulation has been performed, within error bars, at the critical
point Tc or at the pseudocritical point TL, so that reweighting is not required except
to estimate the rounding. For each lattice size, we calculated the correlation time τ at
the temperature of simulation. The samplings are spaced by 2τ iterations of the Wolff
algorithm, so that the configurations can be considered independent. For the rounding,
the full error is obtained using standard techniques for histogram reweighting [47]. In
addition, we checked the overlap of histogram between the two values of temperature Tc
and TL from the 2 independent simulations.
Denoting the Ising spin at site i of the lattice by Si the correlation length can be
numerically calculated using the definition [48, 49] (which holds only for PBC’s and is the
same as that used in Ref. [19])
ξL =
1
kmin
√
G˜(0)/G˜(kmin)− 1 , (3.23)
where kmin = 2π/L is the smallest wave vector of the periodic lattice and G˜(k) is the
Fourier transform of the spin-spin correlation function
G˜(~k) =
1
Ld
∑
i,j
〈SiSj〉 exp (i~k · (~ri − ~rj)), (3.24)
in which ~ri marks the position of the i
th lattice site. This is calculated along the main
axis of the lattice, G(i) = 〈S0Si〉 − 〈S0〉
2, where i runs between 0 and L/2 in the PBC
case. With M =
∑
i
Si, our numerical definitions of the magnetization and susceptibility
are
mL(t) =
1
Ld
〈|M |〉 , χL(t) =
1
Ld
(
〈M2〉 − 〈|M |〉2
)
, (3.25)
respectively. Finally, it is useful to introduce the Binder cumulant, which is related to the
kurtosis in statistics and the renormalized coupling constant [43],
B =
〈M4〉
〈M2〉2
. (3.26)
For ξL ≫ L, this varies only weakly with temperature, staying close to a universal but
non-trivial value.
3.1 Periodic boundary conditions
We begin our report with an analysis of FSS at the critical point and the pseudocrit-
ical point for PBC’s. In Fig.1, the FSS for the correlation length, susceptibility and
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magnetization are plotted on logarithmic scales. The same quantities are plotted at the
pseudocritical point in Fig.2. The modified, or Q-FSS formulae (2.16), (2.18) and (2.19)
are re-verified with q = d/dc = 5/4 instead of the Gaussian q = 1 in each case. (Here, and
elsewhere, rather than presenting fits to the numerical data, we show the expected slopes
of the log-log plots, our aim being to discriminate between two scenarios for which critical
exponents are already known, rather than to determine critical exponents numerically.)
This is in agreement with Refs.[2, 3, 4, 5, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23]
for PBC’s. In Fig.3(a) and (b), we also test the FSS of the pseudocritical temperature and
associated rounding. Each of these deliver results consistent with q = d/dc in Eq.(2.22).
Fig.3(c) depicts the FSS of the pseudocritical field. The result is in excellent agreement
with q = d/dc and rules out the Gaussian q = 1, indicating that q is associated with the
odd sector of the model (the second argument on the right-hand side of Eq.(2.13)) as well
as the even one (the first argument in Eq.(2.13)).
These results reconfirm that q = d/dc = 5/4 governs modified FSS above the upper
critical dimension with PBC’s, results which can be traced back to dangerous irrelevant
variables in the RG picture. The standard expectation is that q = 1 in the FBC case even
above dc = 4 dimensions [19]. We next move on to test that scenario. We will see that
the standard picture is incorrect.
3.2 Free boundary conditions
It is reported in Ref.[7] that Eq.(2.18) “cannot hold for free boundary conditions because
it lies above a strict upper bound” (namely Lγ/ν = L2) established in Ref.[26] (see also
Ref.[27]). However the Fourier analysis of Ref.[7], which yielded the same conclusions,
neglects the quartic part of the φ4 action because of an expectation that the Gaussian
result should apply to leading order. Moreover, the bound was determined at criticality
instead of at pseudocriticality. It was shown in Refs.[12, 13, 14] that for PBC’s the FSS
behaviour (2.18) is obtained from precisely this interaction term.
In Ref. [19], it is stated that for FBC’s “it seems obvious that even for d > 4 the
behavior of the system will be affected when ξL becomes of order L”, rather than the larger
Ld/4. On this basis, it was stated that the standard FSS expressions (corresponding to
q = 1) are expected to apply. The larger length scale Ld/4 was only expected to contribute
to corrections to scaling in some unspecified manner. The numerical results of Ref. [20]
would initially appear to substantiate these conclusions and speculations. There, the Ising
model was simulated on 5D FBC lattices with up to L = 24 sites in each direction.
However, for free boundary conditions, the number of sites in the bulk is (L − 2)d
and the number on a (d −m)-dimensional sub-manifold is 2m
(
d
m
)
(L − 2)d−m. Therefore
the proportion of sites in the bulk of a size-L lattice is (1 − 2/L)d, the remaining ones
being in lower-dimensional manifolds. Thus small FBC lattices, although defined in five
dimensions, may not genuinely represent a five-dimensional Ising system, and to achieve
this, either enormous lattices must be used or another trick has to be introduced. In
the former case, to have 1% of sites outside the bulk with free boundary conditions,
for example, would require a lattice of linear extent L ≈ 103 in d = 5 dimensions.
In this case, the number of lattice points to simulate would be 1015. At the moment,
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Figure 1: (a) Correlation length, (b) susceptibility and (c) magnetization for the 5D PBC
Ising model at the extrapolated critical point Tc. These agree with Eqs.(2.16), (2.18) and
(2.19) (dashed lines) with q = d/dc = 5/4.
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Figure 2: (a) Correlation length, (b) susceptibility and (c) magnetization for the 5D PBC
Ising model at the pseudocritical point TL. These also agree with Eqs.(2.16), (2.18) and
(2.19) (dashed lines), with q = d/dc = 5/4.
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Figure 3: (a) Scaling of the shift in temperature from the critical point Tc to the
pseudocritical point TL for the susceptibility with PBC’s. The shift exponent is in good
agreement with Eq.(2.22) with q = 5/4. (b) The rounding exponent defined through the
width at half-height of the susceptibility is also supportive of Eq.(2.22) with q = 5/4 for
PBC’s. (Here ∆β is the width in units of β = 1/T .) (c) The shift of the pseudocritical
field favoursHL ∝ L
−λH with the Q-FSS value λH = qβδ/ν = 3.75 instead of the Gaussian
value λH = βδ/ν = 3. This gives evidence for q associated with the odd sector of the
model too. Dashed lines correspond to expected power laws with Q-FSS while dotted
lines correspond to Gaussian FSS.
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simulating L ≈ 50 (∼ 2 × 108 sites) is about the limit which we can achieve and such
lattices have only about 60-70% of points in the bulk. Therefore free boundary conditions
manifest significant corrections coming from lattice sites on lower-dimensional manifolds,
corrections which will reduce as larger L-values become accessible. The L = 4 to L = 24,
5D lattices of Ref. [20] have only between 3% and 65% of sites in the bulk and do not
represent five-dimensionality. The resulting conclusion that χL ∼ L
2 is therefore not a
5D one.
To ameliorate the problem with available computing power and to probe the dimen-
sionality of the system, we remove the contributions of sites close to the surfaces. Specif-
ically, we simulated FBC Ising lattices up to L = 40, removing the contribution of L/4
sites at each boundary, resulting in lattice cores of size Lcore = L/2. For L = 16, for in-
stance, the contributions from the four sites closest to each boundary are removed and the
remaining 8d sites used for the average (3.25). A similar tactic of removing the contribu-
tions of boundary spins has been used to examine the Ising model on a negative-curvature
substrate [25].
We start the FBC analysis with Fig.4(a) which depicts the pseudocritical susceptibility
plotted against L. In the upper curve, all lattice sites – including those on the lattice
boundary – contribute to the calculation of the susceptibility. For small lattice sizes,
there appears to be good agreement with the Gaussian χL ∼ L
2. However, as the lattice
sizes increase, the plot deviates from this apparent match. We interpret the match as
being spurious - it is due to the fact that the full susceptibility is not, in fact, genuinely
representative of a five-dimensional system. This is because most of the sites belong to a
four- (or fewer) dimensional submanifold. The deviation from Gaussian behaviour is due
to the onset of genuine five-dimensionality as the lattices grow.
This conclusion is reinforced in the lower curve. There the contributions to the sus-
ceptibility of half of the sites close to the boundaries have been removed. The remaining
lattice core is genuinely five-dimensional. The fit is clearly consistent with the Q-FSS
prediction χL ∼ L
2q = L5/2. This contradicts the standard wisdom discussed above.
In Fig.4(a), the lattice core is of length Lc = L/2. In Fig.4(b), different values of the
ratio Lc/L are used. That plot indicates that the core susceptibility is linearly related to
L2q for a range of values of the core-to-size ratio, so that Fig.4(a) is not an artefact of the
choice Lc/L = 1/2.
Fig.4(c) contains analogous plots for the magnetization. The upper curve displays the
pseudocritical core magnetization and follows the modified or Q-FSS behaviour M ∼ L−q.
The lower curve contains the full lattice magnetization and is neither Gaussian nor Q.
These results signal that the exponent q governing Q-FSS may in fact be universal at
pseudocriticality.
We next analyse FSS at the infinite-volume critical point with FBC’s. In Fig.5(a), a
fit to the critical susceptibility calculated using all sites of each FBC lattice (upper curve)
delivers an exponent 1.71(2). This is different to the Gaussian value γ/ν = 2 and the
Q-value qγ/ν = 2.5 which we witnessed at the pseudocritical point. The estimate for this
quantity from Ref. [20] was compatible with γ/ν = 2 but using far smaller lattices (and
using the estimate 0.113 913 9 for βc instead of our 0.113 915 5). The lower curve in the
panel shows the result of the calculation with the outer half of the sites removed. A fit
11
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Figure 4: FSS at the pseudocritical point: In panel (a) the top curve represents χL(TL)
with all the sites. The apparent Gaussian FSS χL ∼ L
2 (dotted line) is due to the 4D
lattice surfaces. For larger L values, the data points start to deviate from the curve.
The bottom curve shows χL ∼ L
5/2 (dashed line) when peripheral sites are removed. (b)
Q-FSS is followed for a broad range of Lcore/L, and not only for 1/2. The different curves
(coloured online) correspond to different underlying L-values. (c) Magnetization from the
core sites versus L for FBC’s at pseudocriticality also displays Q-FSS (dashed line).
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Figure 5: (a) FSS at Tc for 5D FBC lattices. The upper curve represents the calculation
using all the sites and the fitted curve (red online) is χL ∼ L
1.71(2). The calculation
corresponding to the lower curve has the outer half of the sites removed and a fit gives an
exponent χL ∼ L
1.92(2) (blue online). (b) A fit to the magnetization for FBC’s at TL gives
mL ∼ L
−1.700(15) with all sites and mL ∼ L
−1.575(15) using only the core sites. Neither
corresponds to the Gaussian mL ∼ L
−1 or the Q-form mL ∼ L
−1.25.
gives an exponent 1.92(2), still far from the Q-value and incompatible with the Gaussian
value too.
Fig.5(b) contains analogous fits for the magnetization using all lattice sites (lower
curve) and with peripheral sites removed (upper curve). Again, at Tc, the data follow
neither the Gaussian nor the Q-behaviour. Indeed, a fit using all points gives an exponent
−1.70(2) with all sites and −1.58(2) using only the core sites and these are both far from
the Gaussian expectation −β/ν = −1 and the Q expectation −qβ/ν = −1.25.
We interpret these results as indicating that FBC lattices at criticality with all sites or
even only core sites are too far from the pseudocritical point to be inside the FSS regime.
To further explore this interpretation, we next examine rounding and shifting.
If the shifting is bigger than the rounding, the critical point Tc will be too far from
the pseudocritical point TL to feel the FSS peak – it will be outside the FSS zone. This
would explain why, even if quantities at the pseudocritical point scale as Q-FSS, the
same quantities at the critical point may scale differently, at least for the lattice sizes we
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can deal with. This would reconcile χL ∼ L
d/2 at TL with some other behaviour at Tc.
(However, we remind that the discussion above indicates that this other behaviour is not
Gaussian.)
The corresponding rounding and shifting plots are contained in Fig.6. Defining the
rounding exponent from the width at half-height of the susceptibility, Eq.(2.22) is verified
for the rounding exponent. However, instead of the shift exponent being derived from
Q-FSS in the FBC case (corresponding to Eq.(2.22)), we find Gaussian-like behaviour
(corresponding to Eq.(2.21)). Removing the peripheral sites doesn’t change the location
of the pseudocritical point within error bars, so the shift exponent for the core lattice is
essentially the same as for the entire lattice – see Fig.7.
We conclude that, when the peripheral sites are removed, all pseudocritical behaviour
in the FBC d > dc case is driven by Q-FSS except that of the shift exponent, which is
more akin to Gaussian behaviour. This anomalous behaviour of the shift exponent should
not be entirely unexpected as similar anomalies are observed even in two-dimensional
lattices with various boundary conditions [42].
Finally, more support for universality of FSS at the pseudocritical point comes from
Fig.6(c), in which we plot the Binder cumulant [43] at the pseudocritical point for both
the PBC and FBC cases. The result, including for FBC’s, is in good agreement with that
coming from Parisi and Ruiz-Lorenzo’s analysis, which was for PBC’s [11].
4 Analytic interpretation
To summarize so far, systems with PBC’s above the upper critical dimension are long
known to obey modified (what we call “Q”-) FSS involving the exponent q = d/dc both
at the infinite-volume critical point and at the finite-volume pseudocritical point. Until
now, it has been believed that the equivalent systems with FBC’s have Gaussian FSS
(corresponding to q = 1), although there is no analytical proof for this and the limited
numerics that exist are for lattices whose lower-dimensional boundaries exert very strong
influence. We have shown that once the lower-dimensional influence of the peripheries is
removed, FBC systems in fact also exhibit Q-FSS at pseudocriticality. Using the same
technique at the infinite volume critical point, we find no evidence for either Gaussian
FSS or for Q-FSS. Because the rounding is smaller than the shifting, we attribute this to
the fact that Tc is too far from TL to come under the influence of FSS there. This means
that (a) the conventional FSS paradigm for FBC lattices above dc is unsupported , and
this is particularly clear at pseudocriticality [7, 20, 26, 27] and (b) it offers evidence for
the likely universality of q at pseudocriticality.
That q is indeed d/dc and not unity can be seen from the Lee-Yang zeros of the
partition function [50]. For finite systems with discrete energy levels as we have here,
the partition function becomes a polynomial in exp (h). Its zeros form a discrete set,
distributed on the imaginary-h axis [50] and labelled hj(L, t). Here j is an integer index
whose value is 1 for the zero closest to the real-h axis and increases as one moves out
along their locus. The Lee-Yang zeros condense in the thermodynamic limit, where the
counterpart of h1 is the Lee-Yang edge, hedge(t). The standard scaling behaviour for the
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Figure 6: (a) The rounding exponent defined through the width at half-height of the
susceptibility for FBC’s is in agreement with the Q-value of Eq.(2.21) (dashed line). (b)
The shifting exponent for FBC’s from the susceptibility peak using all sites corresponds
to the Gaussian equation (2.22) (dotted line). Removing peripheral sites doesn’t change
the shift TL − Tc within errors (see Fig.7). (c) The Binder cumulant for PBC’s and
FBC’s at the pseudocritical point are both in good agreement with the value of Parisi
and Ruiz-Lorenzo [11].
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edge of the distribution is hedge(t) ∼ t
∆ where ∆ = βδ is the gap exponent. The Q-FSS
for the jth zero is
hj(L) ∼
(
j
Ld
)∆q
νd
(4.27)
where ∆ = 3/2 above d = dc = 4 [51]. As usual, Gaussian FSS is recovered simply by
setting q = 1. Following Ref.[52], the finite-size susceptibility may be written in terms of
the Lee-Yang zeros as
χL ∼ L
−d
Ld∑
j=1
h−2j (L), (4.28)
which, gives
χL ∼ L
2∆q
ν
−d
Ld∑
j=1
j−
2∆q
νd . (4.29)
Together with the static scaling relations 2β + γ = 2 − α and β(δ − 1) = γ, matching
Eq.(2.18) to Eq.(4.29) gives
νd
q
= 2− α. (4.30)
This recovers standard hyperscaling (2.1) provided q = 1 below dc. However, if q = 1
persisted above dc, the summation on the right-hand side of Eq.(4.29) would deliver a
spurious leading logarithm in the d = 6 Ising case, irrespective of boundary conditions . It
is well known that such leading logarithms can occur only at the upper critical dimension
[2, 52, 53, 54]. Indeed, Butera and Pernici have recently given convincing evidence of
this for Ising and scalar-field models using high-temperature series expansions in the
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thermodynamic limit – i.e., there are no leading multiplicative logarithmic corrections in
6D [55]. This indicates that q 6= 1 even for FBC’s . The incorporation of q into Eq.(4.30)
extends hyperscaling to d > dc.
The validity of this picture for both PBC’s and FBC’s is confirmed in Fig.8. There the
FSS for the first two Lee-Yang zeros for PBC lattices at criticality and pseudocriticality
confirm Eq.(4.27) with q = 5/4, i.e., the edge scales as h1 ∼ L
−15/4 instead of h1 ∼ L
−3.
The same behaviour (with q = 5/4) is confirmed in the FBC case at pseudocriticality
using all lattice sites as well as using lattice cores.
5 Discussion
Hyperscaling and finite-size scaling are intimately related. Both are universal below the
upper critical dimension, but beyond that, the expectation until now has been that (a)
hyperscaling is violated and (b) FSS becomes boundary-condition dependent.
Finite-size scaling below the upper critical dimension is very well understood as being
controlled by the ratio of the correlation length to the actual length of a system, ξ/L.
Since ξ∞(t) ∼ t
−ν , FSS there simply corresponds to the replacement t → L−1/ν in the
scaling forms for the various functions. This prescription holds, and has been verified
many times over, both at the infinite-volume critical point Tc and at the pseudocritical
point TL where thermodynamic functions peak.
Above the upper critical dimension, FSS with periodic boundary conditions is reason-
ably well understood through Eq.(2.13) and the dangerous irrelevant variable mechanism.
Eq.(2.14) with q 6= 1 extends the mechanism to the correlation length. This renders the
correlation length a power of the actual length of the system, ξ ∼ Lq with q = d/dc. FSS
is implemented by the substitution t → L−q/ν , and this is valid both at the critical and
pseudocritical points. This is called “modified FSS” or, for the purposes of this paper,
“Q-FSS”.
FSS with free boundaries has been less studied and is less understood above the upper
critical dimension. One reason for the physical importance of this case is that systems
with long-range interactions have reduced upper critical dimensions. If the interaction
range is sufficiently long, such systems are experimentally accessible. In these cases, free
boundary conditions represent the most realistic geometries. This is the situation we
have focused upon in this paper, using the five-dimensional (short-range) Ising model as
a laboratory. The belief hitherto has been that ξ ∼ L so that a similar situation to that
below d = dc prevails. That is to say, ordinary FSS rather than Q-FSS was until now
believed to be appropriate for FBC’s above dc. Since the critical exponents above the
critical dimension are those coming from Landau theory, we have termed the extension
of ordinary FSS to d > dc as “Gaussian”.
Here we have shown that, on the basis of extensive numerical calculations, there is in
fact no support for Gaussian FSS at either criticality or pseudocriticality in the 5D Ising
model. We ascribe previous hints at Gaussian FSS as being due to very strong boundary
effects – the surface of the 5D FBC lattice is a 4D manifold, where Gaussian behaviour
is indeed expected to leading order. The new feature of our approach, which is absent
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Figure 8: Analysis of the Lee-Yang zeroes (a) at criticality and (b) at pseudocriticality
for 5D PBC lattices (L = 8 to 44 in steps of 4) as well as (c) at pseudocriticality for FBC
lattices (L = 8 to 32 in steps of 4). In each case, the Q-FSS hj(L) ∝ L
−3.75 is confirmed,
instead of the Gaussian hj(L) ∝ L
−3.
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in previous studies of this model, is that we have removed contributions of peripheral
sites to truly probe the five-dimensionality of the FBC lattices. We have also pointed out
that previous analytical expectations for Gaussian FSS in the FBC case are not on solid
ground.
Having dismissed Gaussian FSS in the FBC case, we present evidence in favour of
Q-FSS at the pseudocritical point. That this does not extend to the critical point (the
focus of previous studies) is due to the fact that shifting is greater than rounding in
this case. Shifting is well known to be boundary-condition dependent also below four
dimensions, so this is not an infringement of universality. Thus we arrive at our first main
conclusion: Q-FSS at pseudocriticality in high-dimensional systems accurately describes
FBC systems, as it does with PBC’s and Gaussian FSS does not hold.
Physically, ordinary FSS is viewed as being controlled by the ratio of the two length
scales characterising the system, namely by ξ/L. The physical interpretation of Q-FSS
presented here is that the relevant ratio is rather of correlation volume to actual volume,
namely ξdc/Ld. We also offer an analytical basis for our conclusions, using a Lee-Yang
analysis. This brings us to our second main conclusion, namely that hyperscaling can be
extended to beyond the upper critical dimension in a universal manner. This is encapsu-
lated in the new Q-version of Eq.(4.30). Since that equation relates α and ν to the new
exponent q, and since the first two are universal, this indicates that q is also a universal
exponent and this is supported by our numerics for PBC’s and FBC’s. In the case where
d ≤ dc, this exponent reverts to q = 1. The new interpretation of FSS and hyperscaling
subsumes the old one and holds for both PBC’s and FBC’s, above and below the upper
critical dimension. Therefore Eq.(4.30) represents a universal version of hyperscaling,
which is valid in all dimensions.
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